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Abstract

This short paper presents a general strategy devoted to an original analytical approach of looped 1.5D equations. It considers particular properties of rod/beam 
equations for wave and structural modal representation. Specifi c boundary conditions introduce local singularities representing discontinuities and inversions. The 
process presented in the paper links this kind of original analysis with possible models of the physiological and pathological dynamic behavior of solid-fl uid interaction in 
inner-ear elements such as the anterior and superior semicircular canals. Thus, these models propose a robust representation of these elements, offering observation/
control perspectives for diagnostics and cure.
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Introduction

This paper presents an original strategy for implementing 
the dynamic equations of beams in a doubly innovative 
confi guration. Starting with the generic Bresse and Lagrange 
equations and solutions, the boundary conditions are 
topologically looped back from bars and beams to rings and 
closed structures. To this is added the introduction of active 
or passive singularities, which introduce discontinuities into 
the modal solutions. This mathematical approach enables 
the analytical modeling of complex systems derived from 
biodynamics, such as semicircular canals and otoliths. It 
offers a predictive model for physiology, dynamic diagnosis 
of certain pathologies, and robust analysis of active or passive 
disturbances in complex living systems.

The advantages obtained by this approach are both 
mathematical and physiological. First, concerning the 
singularities, Dirichlet’s type (with continuous, broken, or 
inversed defl ections) and Neumann’s type (with continuous, 
broken, or inversed stresses) give a panel of solutions with a 
signifi cant number of combinations. This approach benefi ts 
from the fact that 1.5D equations raise generic solutions, with 

Euler and Lagrange parameters, in which the constants can 
be defi ned by boundary conditions or singularities. Secondly, 
the boundary conditions and singularities correspond to 
physiological and pathological situations. The boundary 
conditions are generated by the anatomic confi gurations, and 
the singularities match window-type pathologies, dehiscent 
situations, and neuritis pathologies. Last but not least, the 
local singularities and pathological items induce global 
consequences that are typically represented by the generic 
proposed solutions [1].

Wave and structural equations of open and closed beams

In a longitudinally loaded bar, the longitudinal displacement 
U gives rise to a generic harmonic solution:
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In a long beam in fl exion, the lateral displacement V implies 
a circular and hyperbolic spatial function:
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All the constitutive equations are classical Euler and 
Lagrange Rod and Beam models, detailed in ref [2]. It appears 
clear that, with a second and fourth-order constitutive 
differential equation, with the Lagrangians separation of time-
space functions, we obtain generic shapes with two and four 
real constants. All the process is founded on this approach, 
in which the boundary conditions and singularities (and thus 
physiological and pathological situations) are represented.

These two types of equations correspond respectively to 
Helmholz modes and thin-structure modes, and are therefore 
complementary for analytically modeling, as a fi rst approach, 
any dynamic system in which one dimension is large relative 
to the others.

Generic solutions can be looped in the sense of Dirichlet 
(continuity of displacements, Lagrange representation) or 
Neumann (continuity of force fl ows, Euler representation). It 
thus gives ring solutions in wave modes (Schrödinger modes) 
or bending modes (structural modes), as shown in the mode 
illustrated in Figure 1 below, where both conditions are met: 

These solutions can of course be made more complex by 
decomposing the ring into elementary segments with different 
(but constant) characteristics, and by adding viscous damping. 
These extensions do not alter the essential strategy of the 
model, which is based on topological looping.

Introduction of singular elements

In this analytical model, we propose to introduce a 
Dirichlet or Neumann discontinuity singularity (Figure 2), 
leading to discontinuous modes. In this way, we can represent 
a mechanical continuity, and if we then introduce a Dirichlet 
or Neumann multiplicative factor that can take on a negative 
value.

As a result, we have a model capable of analytically 
representing a dynamic system that is not only topologically 
looped, but also endowed with localized passive or active faults, 
whose effects on the overall dynamics can be freely observed.

Link with possible pathologies and biophysics

The semicircular canals are a typical example of a looped 
living system, the seat of dynamic phenomena, possibly 
affected by passive or active disturbances. They are made up of 
complex materials: solids (bone, cartilage, membranes), fl uids 
(endolymph, perilymph) and intermediates. The advantage 
of an integrated, looped mathematical model is precisely that 
it takes into account the overall complexity of this system 
(represented by an equivalent beam material). What's more, 
having a generic solution makes the model robust to the 
infl uence of disturbances on overall behavior.

The simple singularity can represent a pathological window 
syndrome, and the negative feedback can simulate infectious 
neuritis. A fi rst fi eld of application for these mathematical 
models is therefore an aid to modeling, prediction, diagnosis, 
and even correction of this type of pathology.

The description of the pathologies is given in ref. [3-
5]. The general consequence is discontinuities in pressures, 
geometry, and control, and the nature of the generic obtained 
mathematical solutions follows this kind of behavior.

In addition, taking into account the analytical model of 
acoustic and structural modes places the dynamic system in 
its global physical environment. This enables us to predict 
couplings with the local dynamic environment. In this way, 
the vestibule - of which the semicircular canals are a major 
component, and which performs a balancing function - can 
be linked to acoustic measurements and thus coupled to 
neighboring elements grouped in the cochlea. A matrix of 
physiological and pathological correspondences between the 
various elements, measures, and actuators of the inner ear can 
thus be drawn up.

Conclusion

In the pathological domain, experiments are delicate but, as 
shown in references, observations have been made in various 
situations. In the frame of the present models, that have been 
mathematically developed, it has been shown that, on one 
hand, this kind of approach represents identifi ed diseases, and 
on the other hand that it could be proposed for future tests and 
prediction of curing situations: surgical operation, additional 
material elements, prosthetic approach. The proposed model 
has the advantage of providing a dynamic robust representation Figure 1: Amplitude in single-loop ring mode.

Figure 2: Modes with inverse singularity.
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of singular situations. The interest is, for the mathematician 
and mechanician, to explore specifi c combinations of the 
constants in generic solutions. The interest in life science is to 
join usual pathological situations with a possible exploration of 
diagnosis and care.
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